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Motivated by dynamical experiments on cold atomic gases, we develop a quantum kinetic approach
to weakly perturbed integrable models out of equilibrium. Using the exact matrix elements of the
underlying integrable model we establish an analytical approach to real-time dynamics. The method
addresses a broad range of timescales, from the intermediate regime of pre-thermalization to late-
time thermalization. Predictions are given for the time-evolution of physical quantities, including
effective temperatures and thermalization rates. The approach provides conceptual links between
perturbed quantum many-body dynamics and classical Kolmogorov-Arnold-Moser (KAM) theory.
In particular, we identify a family of perturbations which do not cause thermalization in the weakly
perturbed regime.
Conservation laws play a ubiquitous role in constrain-
ing the dynamics of complex many-body systems. This
is especially true in low-dimensional integrable systems,
where their proliferation gives rise to rich phenomena.
A striking example is provided by the quantum New-
ton’s cradle experiment [1], which shows the absence of
thermalization over long timescales. The impact of con-
servation laws in this so-called pre-thermalization regime
is directly encoded via a Generalized Gibbs Ensemble
(GGE) [2–7]: each conserved quantity is associated with
its own effective temperature, leading to anomalous ther-
malization. This has stimulated a wealth of theoretical
activity, including the recent extension of hydrodynamics
[8–12] to integrable systems [13–15] and its application
to experiment [16, 17]. For recent reviews exploring the
exotic dynamics of isolated quantum integrable systems
see [18–25].
Despite recent advances in the understanding of inte-
grable systems, real physical systems always contain per-
turbations. These may influence and destabilize the inte-
grable dynamics, but their effect is hard to quantify. In
the classical domain, the effect of weak perturbations is
encoded in KAM theory [26], which describes the persis-
tence of quasi-periodic orbits under small perturbations.
In the quantum many-body domain, the scenario of pre-
thermalization followed by slow thermalization has been
widely studied in this context [27–42]; for recent reviews
see [43, 44]. However, insights analagous to KAM theory
have been hard to establish, and many experimentally
and conceptually relevant questions remain. To what ex-
tent does quantum integrability survive in the presence
of weak perturbations? How can we quantify and or-
ganize the dynamical effects of integrability destroying
interactions? What are the relevant timescales?
In this paper we address these questions by develop-
ing a quantum kinetic approach to weakly perturbed
integrable models out of equilibrium. We show that
the dynamics of physical observables from short to long
timescales can be described using the exact matrix ele-
ments of the underlying integrable model. Our findings
are illustrated by numerical evaluation of the key for-
mulae, including the time-evolution of the average den-
sities, quasiparticle distributions, and effective temper-
atures. Embedding the kinetic approach into a general
theory, we identify dynamical response functions which
encode the timescales of thermalization. We also find a
family of integrability-breaking, KAM-like perturbations,
which do not lead to thermalization in the weakly coupled
regime. A notable insight which emerges from our anal-
ysis is that, in one spatial dimension, thermalization and
hydrodynamic diffusion are controlled by distinct fam-
ilies of processes, which we characterize. Our findings
also provide the integrability destroying corrections to
the Euler hydrodynamics of integrable systems.
Setup.— We consider the general scenario in which
a spatially homogeneous one-dimensional integrable sys-
tem, described by HamiltonianH0, is perturbed by an ex-
tensive integrability destroying term V =
∫
dx v(x). The
resulting Hamiltonian is given by H = H0 +λV , where λ
controls the strength of the perturbation. The Hamilto-
nian H0 is characterized by an infinite number of mutu-
ally commuting conserved quantities Qi, i = 0, 1, 2, . . . ,
including the momentum P = Q1 and the Hamiltonian
H0 = Q2. In the perturbed system only two conserved
quantities remain: the total energy H and the total mo-
mentum P .
In order to explore the dynamics of the non-integrable
Hamiltonian H we consider a quantum quench from an
initial state which is stationary under H0, but which
evolves under the dynamics of H. In light of the integra-
bility ofH0 it is natural to take a GGE as the initial state,
whose density matrix is given by ρ0 = Z
−1e−
∑
i βiQi .
Here Z = Tr(e−
∑
i βiQi) and the βi are the inverse effec-
tive temperatures associated with each conserved quan-
tity Qi. These are the most general states that maximize
entropy with respect to all of the extensive conserved
quantities of H0; they therefore provide natural initial
states for studying the dynamics of perturbed integrable
systems.
The quench setup described above is well-suited to
studying thermalization. At long times, it is ex-
pected that expectation values of local observables
〈O(x, t)〉 = Tr [ρ0eiHtO(x)e−iHt] tend to the value
they would take in a boosted thermal ensemble de-
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2scribed by H and P . Explicitly, limt→∞ 〈O(x, t)〉 =
Z−1s Tr
[
e−βs(H−νsP )O(x)
]
, where the stationary values
βs and νs are uniquely fixed by 〈H〉 and 〈P 〉. Thermal-
ization is proven rigorously in various situations [45–48],
and if it occurs it does so for any perturbation strength
λ. From a physical perspective however, the most impor-
tant questions are to what extent integrability still plays
a role at finite times, and how the system reaches ther-
malization. For small perturbations, it could be expected
that integrability strongly influences these processes, and
constrains the dominant physics.
Dynamics of Charges.— To see the effects of the
integrability-breaking term, it is instructive to examine
the time-evolution of the charges Qi under the Hamilto-
nian H. To lowest order in λ, the time-evolution of the
corresponding charge densities qi(x, t), can be computed
within second order perturbation theory:
∂t 〈qi(0, t)〉 = λ2
∫ t
−t
ds
〈
[V 0(s), Qi]v(0)
〉c
, (1)
where here and throughout we set ~ = kB = 1, and
we denote the connected correlation function by 〈. . . 〉c.
Time-evolution on the left-hand side is with respect to
the non-integrable Hamiltonian H, while time-evolution
on the right-hand side is with respect to the integrable
H0, with V
0(s) = eiH0sV e−iH0s; see the Supplemental
Material (SM).
A key feature of this perturbative approach is that it
can describe both the rapid onset of pre-thermalization
and the slower process of thermalization. As pre-
thermalization builds up on a λ-independent timescale,
the state changes abruptly but the conserved densities
only receive small corrections of order λ2, as follows from
Eq. (1). As a result the pre-thermalized state is non-
thermal, and is in fact close to a new GGE for the un-
perturbed Hamiltonian H0. Afterwards, the dynamics
occurs over timescales of order 1/λ2. We will refer to
this as the Boltzmann regime. It is accessed by the formal
t → ∞ limit of Eq. (1), with t¯ = λ2t held fixed. In this
limit, the unperturbed energy density is stationary, while
the t¯-derivatives of other observables take finite, non-zero
values, which satisfy the GGE equations of state. Proofs
of these statements can be found in [40, 49]. Thus in the
Boltzmann regime, the GGE continues to evolve slowly
with time. The final stationary regime is expected to
occur for t  1/λ2, which requires going beyond the
perturbative result (1); see [31]. Nonetheless, for weakly
broken integrability, the Boltzmann regime is very long in
comparison with experimental timescales. Moreover, its
physical properties are fully accessible using integrability
as we now demonstrate.
Form Factors.— As the right-hand side of (1) in-
volves time-evolution under the integrable Hamiltonian
H0, powerful techniques are available for its evaluation.
The principal idea is that the matrix elements of the per-
turbing operator v can be computed by means of a spec-
tral decomposition, in terms of a suitable basis of eigen-
states of H0. For example, the initial GGE can be rep-
resented by a state |ρp〉, with Z−1 Tr(ρO) = 〈ρp|O|ρp〉.
Here, the quasiparticle density ρp(θ), as a function of the
rapidity θ, is fixed by the thermodynamic Bethe ansatz
(TBA) [50–52]. Excited states |ρp;p,h〉 involve particle
and hole excitations on top of this [53–58], where p and
h indicate their respective sets of rapidities. These di-
agonalize the momentum Q1, energy Q2, and other con-
served quantities Qi, with one-particle eigenvalues given
by κ(θ), ε(θ) and ηi(θ) respectively. Performing the spec-
tral decomposition on Eq. (1) yields
∂t¯ 〈qi(0, t)〉 = 2
∫
dp˜dh˜ ηiδ(κ)
sin εt
ε
|〈ρp;p,h|v|ρp〉|2,
(2)
as shown in the SM. The integrand dp˜ = dpρh(p) in-
cludes the factor ρh(p) =
∏
θ∈p ρh(θ). This describes
the accessible ‘phase space’ given by the density of holes
ρh(θ), and likewise for ρp(h) in terms of ρp(θ). Here
κ =
∑
θ∈p κ(θ)−
∑
γ∈h κ(γ), and similarly for ε and ηi.
The expression (2) has a simple interpretation: in ac-
cordance with [59, 60], particles and holes are in and out
states of scattering processes. The change in the charge
density 〈qi(0, t)〉 is given by a weighted sum over all the
momentum conserving processes, with transition rates
given by the form factors squared | 〈ρp;p,h|v|ρp〉 |2 of the
perturbing operator, in conformity with Fermi’s golden
rule. By evaluating these matrix elements one can obtain
a quantitative description of the thermalization process,
from short to long timescales.
Pre-thermalization.— The form factor approach gives
a quantitative approach to pre-thermalization which is
consistent with previous results. For example, after an
interaction quench, the charge densities undergo fast ini-
tial dynamics, followed by an oscillatory power-law ap-
proach to a quasi-stationary regime which persists for
long times. This can be verified by applying a small φ4
perturbation to a free massive scalar field, whose form
factors can be evaluated using the methods of [55]. The
results are provided in the SM; similiar numerical results
are obtained in [61].
Boltzmann Regime.— After pre-thermalization, the
approximate GGE continues to evolve in accordance with
Eq. (1). In the Boltzmann regime the time-evolution of
the state is slow, varying over long timescales of order
1/λ2. As such, the change in the state can be large, with
the power-law tails describing the approach to the instan-
taneous GGE giving perturbatively small corrections. In
this regime, the evolution is towards an (approximate)
boosted thermal state for the final Hamiltonian, in accor-
dance with thermalization. Taking t→∞, the evolution
equations in this regime are given by
∂t¯ 〈qi〉β(t¯) =
∫ ∞
−∞
ds
〈
[V 0(s), Qi]v(0)
〉c
β(t¯)
, (3)
where the subscript β(t¯) indicates that the expectation
value is taken in the instantaneous GGE. As we demon-
strate in the SM, a general H-theorem shows that (3) is
consistent with thermalization.
3The spectral decomposition (2) available for integrable
systems allows us to recast (3) as a Boltzmann-type ki-
netic equation. This sums over energy and momentum
conserving scattering processes with arbitrary numbers
of particles. This generalizes approaches based on the
kinetics of free models [16, 34, 62–69], to interacting in-
tegrable systems. Re-expressing (3) in terms of the time-
dependent quasiparticle density ρp(θ), which represents
the time-evolving GGE (see the SM), one obtains
∂t¯ρp(θ) = I[ρp](θ) := (4)∫
dpdhK(θ,p)B(p→ h)[ρh(p)ρp(h)− ρp(p)ρh(h)],
where
B(p→ h) = 2piδ(κ)δ(ε)| 〈ρp|v|ρp;p,h〉 |2 = B(h→ p)
(5)
is the matrix element for particle-hole scattering pro-
cesses. In the special case of perturbations of free models,
K(θ,p) =
∑
Φ∈p δ(θ−Φ) and we have a generalization of
the quantum Boltzmann equation to include higher-order
scattering processes. If the unperturbed Hamiltonian H0
is interacting, then K also describes the effect of indi-
rect processes where a particle of rapidity θ is created or
destroyed in the interacting background in response to a
scattering event. In this case
K(θ,p) =
∑
Φ∈p
K(θ,Φ), (6)
where
K(θ,Φ) = δ(θ − Φ) + ∂
∂Φ
[
F (θ,Φ)ρp(Φ)
ρp(Φ) + ρh(Φ)
]
. (7)
Here, F (θ,Φ) is the backflow function representing the
effect of adding an excitation to the interacting back-
ground; see the SM. Here we assume particle-hole sym-
metry, in accordance with the usual microscopic re-
versibility condition of the Boltzmann scattering kernel
(5). We show in the SM that an arbitrary boosted ther-
mal state is a fixed point of the time-evolution given in
(4), confirming the general H-theorem presented there.
Multiparticle Scattering.— The kinetic equation (4)
generically contains infinitely-many scattering processes
with arbitrarily large numbers of particles p→ h. In the
absence of internal degrees of freedom, the 2 → 2 scat-
tering processes do not contribute: these preserve mo-
menta by 1+1-dimensional kinematics, hence the term in
square brackets in (4) vanishes. This is consistent with
the notion that thermalization requires the non-trivial re-
arrangement of momenta. In generic integrable models,
the higher-particle form factors are typically non-zero,
thereby leading to thermalization via (4). The φ4 the-
ory considered above is special, as these higher-particle
form factors vanish. As such, it does not thermalize in
the Boltzmann regime in 1 + 1 dimensions, in agreement
with three-loop results for correlation functions [70, 71].
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FIG. 1. Upper panel: Time-evolution of the rapidity dis-
tribution n(θ) in the Boltzmann regime, for the free scalar
field theory with unit mass perturbed by λ/(6!)
∫
dxφ6(x),
following a quantum quench from λ = 0 to λ > 0. The ini-
tial distribution is the GGE with β2 = β6 = 0.5, β4 = 0.1,
all other βi = 0. At late times n(θ) approaches a thermal
distribution as indicated by the gray solid line. Lower panel:
time-evolution of the first three effective inverse temperatures
for the same quench, showing a non-monotonic approach to
thermalization. The large values of t¯ reflects the standard
normalization conventions for the scalar field theory, which
effectively reduces the strength of the φ6 perturbation.
For the φ6 perturbation, the 2 → 4 and 3 → 3 pro-
cesses contribute. In Fig. 1 we show the time-evolution
of the rapidity distribution n(θ) = 2piρp(θ)/cosh(θ), and
the first few effective temperatures, in a φ6 quench. The
results are consistent with thermalization, and illustrate
how effective temperatures may exhibit non-monotonic
dynamics.
Nearly-integrable Perturbations.— Perturbations that
break integrability yet do not lead to thermalization in
the Boltzmann regime can be seen as “nearly-integrable
perturbations”, in analogy with the concept from KAM
theory [26]. The φ4 perturbation of the free massive
4scalar field discussed above is such an example. We show
that such perturbations exist generically. To see this, we
re-write the time-evolution (3) as
∂t¯ 〈qi〉 = ([v,Qi], v), (8)
where (a, b) is a suitable inner product [76], defined by
(a, b) =
∫
dtdx
〈
(1− P)[a0(x, t)]† b(0, 0)〉c . (9)
Here, a0(x, t) = eiH0ta(x)e−iH0t and P is the projector
onto the space of charges Qi; see the SM. We show in the
SM that current operators jk, satisfying ∂tqk +∂xjk = 0,
commute with the conserved charges under the inner
product: ([jk, Qi], a) = 0 for all a, i. According to (8),
under a perturbation v = jk, the state remains constant
throughout the Boltzmann regime. Therefore current op-
erators are nearly-integrable perturbations. This extends
the notion of perturbed integrable models which pre-
serve integrability in equilibrium [77–82]. For example,
there exist families of integrable models, H = H0 + Vλ,
which correspond to perturbations by current operators,
Vλ = λ
∫
dx jk(x) +O(λ
2), at leading order [83]. A sim-
ilar relationship holds between the sine-Gordon model
[84] and the φ4 perturbation of the scalar field. The ob-
servation here is that thermalization is absent at leading
order, despite these models not being integrable.
The discussion above gives a natural classification of
perturbations, and an associated classification of scatter-
ing processes. Indeed, under the inner product (9), local
operators form a Hilbert space H′′ [76]. This admits an
orthogonal decomposition H′′ = HN ⊕HB, where HN is
the nearly-integrable subsector that commutes with Qi
within H′′, and HB is the thermalizing Boltzmann sub-
sector. In the kinetic description, operators in HN only
couple to 2→ 2 scattering processes. These, as explained
above, do not lead to thermalization. It was shown in
[59, 60] that such processes lead to hydrodynamic diffu-
sion instead, as they fully determine the Onsager matrix,
Lij = (ji, jj) [72, 76]. Thus, there is a separation between
processes leading to hydrodynamic diffusion, associated
with HN, and those leading to thermalization, associated
with HB.
Thermalization and Entropy Production.— The late
time dynamics near the final, stationary state is obtained
by linearizing the evolution operator [85]. In terms of the
inverse effective temperatures βi, this gives∑
j
Cij∂t¯βj = −
∑
j
Bijβj ; (10)
see the SM. Here we define the Boltzmann matrix Bij =(
[v,Qi], [v,Qj ]
)
, while the static covariance matrix is
Cik = ∂ 〈qi〉 /∂βk; both are non-negative and evaluated
in the stationary state. A similar evolution equation also
holds for the small deviations of the conserved densities
δqi = 〈qi〉 − 〈qi〉s. As Bij = 0 for either i, j = 1 or 2 the
spectrum of Γ = BC−1 always contains the eigenvalue 0,
corresponding to the conserved modes of the Boltzmann
dynamics. The rest of the spectrum controls the rate of
approach to thermalization: if it extends continuously to
0 then the approach is polynomial, whereas if there is
a gap of size γ > 0, it is exponential δqi ∝ e−t/τ with
τ = λ−2γ−1 [85–87]. It is notable that the timescale τ is
solely determined by the final state, with the conserved
energy and momentum densities containing the only in-
formation about the initial state.
In Fig. 2, we show numerical results consistent with an
exponential approach to thermalization for the φ6 pertur-
bation. Therefore, for the φ6 perturbation, the spectrum
of the Boltzmann matrix has a gap γ > 0. At high tem-
peratures we find an increasing thermalization timescale
τ ∼ Tα with α ≈ 3/2, corresponding to an effectively
gapless regime. In contrast, at low temperatures, we ob-
serve Arrenhius behavior with τ ∼ e3m/T , corresponding
to the 3-body collisions in the φ6 theory; see SM.
The Boltzmann matrix determines the late time dy-
namics of all physical quantities. Notably, the produc-
tion of entropy near the final stationary state takes the
form
∂t¯s =
∑
i,j≥3
βiBijβj = ([v, log ρ], [v, log ρ]), (11)
where log ρ = −∑i βiQi is the entropy operator; see the
SM. As the right-hand side in (11) is quadratic in the
βis, if there is a gap γ, the time-evolution of the entropy
is also exponential, but with a rate 2γ. This is twice that
found in the time-evolution of the inverse temperatures
and charge densities, which we confirm in Fig. 2.
Exponential decay can also be seen in correlation func-
tions, as they are determined at large times by the con-
served quantities. By projection methods, two-point
functions at scaled wave numbers k¯ = k/λ2 in the final
state behave as
〈O1O2〉c (k¯, t¯) =
−
∑
ij
∂〈qi〉〈O1〉 exp
[
iAk¯t¯− Γ|t¯|]
ij
∂βj〈O2〉 (12)
where the matrix Aij = ∂〈qj〉〈ji〉 encodes the propagation
of the conserved modes, and Γ their decay. In particular,
this gives the Lorentzian broadening of the Drude peaks
associated with the broken charges,
∫
dt¯ eiω¯t¯ 〈jijk〉c (k¯ =
0, t¯) = 2
[
A(Γ2 + ω¯2)−1ΓAC
]
ik
, see also [42]. We observe
that the singularity in the complex ω-plane that is nearest
to the real line is at a distance γ. Dynamical correlation
functions in the thermal state therefore determine the
rate of approach towards it. A similar situation also oc-
curs in holographic models, where the eigenvalues of the
Boltzmann matrix are analogous to quasi-normal modes,
see for example [88]. As a signature of the integrability
of the unperturbed model, this singularity is expected to
be a branch point, because of the continuum of hydrody-
namic modes parametrized by the rapidity θ.
Hydrodynamics.— The kinetic approach developed
here is applicable beyond quenches from homogeneous
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FIG. 2. Exponential approach of the entropy and (inset)
higher order charge q4 to their stationary values, at times
t¯  1, for the same quench protocol as in Fig. 1. The
timescale γ−1 ≈ 3.58 × 107 is found for δq4, and 1.71 × 107
for δs, in agreement with the theoretical value γ−1/2.
states, to include integrability destroying perturbations
in the hydrodynamic description of integrable models
[13, 14]. In this context, the effects of integrability break-
ing on the diffusive scale were recently discussed in [42].
Here, we stress that the effects of weak perturbations
are also manifest on the larger, Euler scale. In the Eu-
ler scaling limit x, t → ∞, λ → 0 with t¯ = λ2t and
x¯ = λ2x held fixed, the entropy increase of local fluid
cells occurs on Euler hydrodynamic timescales. The spec-
tral decomposition (4) in the Boltzmann regime adds
a generalised collision term I(θ) to the fluid equations,
∂t¯ρp(θ) + ∂x¯(v
eff(θ)ρp(θ)) = I(θ), where v
eff is given in
[13, 14]. This opens the door to future studies of the
crossover from integrable to non-integrable hydrodynam-
ics, including the emergence of shocks, which are absent
in the former case [89–91].
Conclusions.— In this work we have developed a form
factor approach to perturbed integrable models out of
equilibrium. We have shown that one can address a broad
range of timescales, including the approach to thermal-
ization. We have provided analytical and numerical pre-
dictions for the time-evolution of physical observables,
including conserved charges, effective temperatures, and
rapidity distributions. We observe that the rate of ther-
malization for entropy is always exactly twice as large
as that for conserved charges. We have also shown that
there always exists a families of perturbations that do
not thermalize in the weakly perturbed regime. It would
be interesting to verify these predictions in experiment.
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1 Time-Evolution of the Charge Densities
We here derive a perturbative equation of motion for the densities of conserved charges, showing in
particular that the leading term occurs in second order perturbation theory. We consider the Hamiltonian
H = H0 + λV , composed of an integrable contribution H0 and a homogeneous integrability-breaking
perturbation V =
∫
dx v(x). The conserved charges Qi =
∫
dx qi(x) of the unperturbed Hamiltonian
satisfy [H0, Qi] = 0. We further assume that they mutually commute, [Qi, Qj ] = 0 for all i, j, and define
Q1 = P and Q2 = H0 as in the main text. Expanding the time-evolved charge densities qi(x, t) =
eiHtqi(x)e
−iHt to first order in λ, perturbation theory gives
qi(x, t) = q
0
i (x, t) + iλ
∫ t
0
ds [V 0(s), q0i (x, t)] +O(λ
2), (1)
where the superscript 0 indicates time-evolution with respect to H0, i.e. q
0
i (x, t) = e
iH0tqi(x)e
−iH0t and
V 0(s) = eiH0sV e−iH0s. We evaluate this in the initial state with density matrix ρ0 = Z−1e−
∑
i β
iQi
[ρ0, Qj ] = 0 ∀ j. (2)
This follows from the identity [Qi, Qj ] = 0; taking j = 1 implies spatial homogeneity of the state, and
j 6= 1 implies invariance of the state under the action of the associated charge Qj . The Heisenberg
equation of motion ∂tqi(x, t) = i[H, qi(x, t)] then gives
∂t 〈qi(0, t)〉 = iλ
〈[
V, q0i (0, t)
]〉− λ2 ∫ t
0
ds
〈[
V,
[
V 0(s), q0i (0, t)
]]〉
+O(λ3), (3)
where spatial homogeneity allows evaluation at x = 0 without loss of generality. The first term on the
right-hand side can be shown to vanish by repeated application of Eq. (2) for different values of j:〈[
V, q0i (0, t)
]〉
=
∫
dx
〈[
v(x), q0i (0, t)
]〉
=
∫
dx
〈[
v, q0i (−x, t)
]〉
= 〈[v,Qi]〉 = 0. (4)
Similar manipulations allow the second term to be written in a more convenient form
∂t 〈qi(0, t)〉 = −λ2
∫
dx
∫ t
0
ds
〈[
v(0),
[
v0(x, s), Qi
]]〉
= λ2
∫
dx
∫ t
−t
ds
〈[
v0(x, s), Qi
]
v(0)
〉c
= λ2
∫ t
−t
ds
〈[
V 0(s), Qi
]
v(0)
〉c
, (5)
which corresponds to Eq. (1) in the main text. In the second line we have replaced the correlation function
with its connected part,〈[
v0(x, s), Qi
]
v(0)
〉c
=
〈[
v0(x, s), Qi
]
v(0)
〉− 〈[v0(x, s), Qi]〉 〈v(0)〉 , (6)
which is possible as
〈[
v0(x, s), Qi
]〉 〈v(0)〉 = 0 by Eq. (2). This makes the convergence of the integral in
x immediate by the clustering properties of the state.
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2 φp Perturbation of the Free Scalar Field
In this section we provide further details on the results presented in the main text for pre-thermalization
and thermalization in a weakly-interacting bosonic field. For φp perturbations of the free scalar field the
form factor expansion for the charge evolution truncates at finite order; for a polynomial interaction φp the
form factors with more than p particles/holes are vanishing. We consider the unperturbed Hamiltonian
H0 =
1
2
∫
dx :
[
pi2 + (∇φ)2 + φ2
]
:, (7)
where the normal ordering : O : is made with respect to the vacuum, and for simplicity we set the mass
to 1. The Bose distribution functions associated with the GGE density matrix are
n(θ) =
1
eW (θ) − 1 , n¯(θ) = 1 + n(θ), (8)
where
W (θ) =
∞∑
n=1
(β2n−1sinh(nθ) + β2ncosh(nθ)) . (9)
The quasi-particle density is ρp(θ) = cosh(θ)n(θ)/(2pi), as given in the main text. The form factor
expansion for correlation functions can be obtained by the methods of Ref. [1, 2, 3], by application of
Wick’s theorem for bosonic commutation relations. Taking the perturbation V = λ/(4!)
∫
dxφ4(x), only
the 2 and 4 particle terms contribute to the equation of motion for the charge densities. For the numerical
data presented the 4-particle terms were dominant. This yields the following evolution equation in the
prethermal regime
∂t 〈qi(0, t)〉 = 2
4!
(
λ
24pi2
)2 ∫
dθ1dθ2dθ3dθ4 δ(κ)
sin(εt)
ε[
n¯1n¯2n¯3n¯4 (hi(θ1) + hi(θ2) + hi(θ3) + hi(θ4))
+ 16n¯1n¯2n¯3n4 (hi(θ1) + hi(θ2) + hi(θ3)− hi(θ4))
+ 36n¯1n¯2n3n4 (hi(θ1) + hi(θ2)− hi(θ3)− hi(θ4))
+ 16n¯1n2n3n4 (hi(θ1)− hi(θ2)− hi(θ3)− hi(θ4))
+ n1n2n3n4 (−hi(θ1)− hi(θ2)− hi(θ3)− hi(θ4))
]
, (10)
where ni = n(θi) and n¯i = n¯(θi). As shown in Figs. 1 and 2, pre-thermalization in the φ
4 theory is seen
to consist of a fast increase in the value of charge densities, followed by oscillations within a decaying
envelope to the long-time pre-thermal value. Numerically, the envelope is found to decay as t−α with
α = 1.0 ± 0.2 for all observables and initial states studied; see Fig. 2 for an illustration. The numerical
solution of Eq. (10) was obtained using the numerical integration routines in Mathematica.
In order to go beyond pre-thermalization, we turn our attention to the φ6 theory with V = λ/(6!)
∫
dxφ6(x).
As we discuss in the main text, this has a non-trivial Boltzmann regime. Here the only terms which con-
tribute to the kinetic equation occur at the 6-particle/hole level
∂t¯n(θ) =
1
6! cosh θ
(
1
25pi2
)2 ∫
dθ1dθ2dθ3dθ4dθ5δ(κ)δ(ε)[
1200 (n¯(θ)n¯1n¯2n3n4n5 − n(θ)n1n2n¯3n¯4n¯5)
900 (n¯(θ)n¯1n¯2n¯3n4n5 − n(θ)n1n2n3n¯4n¯5)
450 (n¯(θ)n¯1n2n3n4n5 − n(θ)n1n¯2n¯3n¯4n¯5)
]
. (11)
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Figure 1: Change in the particle and energy densities q0 and q2, respectively, for the free scalar field theory
(with unit mass) perturbed by λ/(4!)
∫
dxφ4(x), following a quantum quench from λ = 0 to λ > 0. The
initial state is taken as the vacuum state (main panel), and a thermal state with β = 5 (inset). In both
cases, the charge densities settle down to constant values corresponding to pre-thermalization.
Figure 2: Time-evolution of the particle and energy densities n = q0 and q2 after a λ/(4!)φ
4 quench of a
free scalar field with unit mass, with a thermal initial state at inverse temperature β = 5. Oscillations
are observed within an envelope that is well described by a power law t−1.
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Figure 3: (a): Exponential decay of the rate of approach to thermal equilibrium at low temperatures
β  1, showing the relationship λ2γ ∼ e−3β . (b): Polynomial decay of the rate of approach to thermal
equilibrium at high temperatures T  1, showing the relationship λ2γ ∼ T−α where α = 1.498± 0.003.
Numerical solution of this equation gives the results presented in Figs (1) and (2) in the main text. As
shown in Fig 3, it is also used to find the dependence of the rate of approach to equilibrium γ on the
temperature T of the final state.
In order to solve the generalized Boltzmann equation (11) numerically, we implement the energy and
momentum delta functions analytically, facilitated by the change of variables ki = sinh(θi). We take
a discrete set of values of θ and interpolate between n(θ) at these points to obtain the full function
n(θ), as fast decay of n(θ) at large |θ| (cf. equation (9)) means that we can restrict the infinite integrals
over rapidity to some suitable finite region Λ. We then solve using the forward Euler method in t, and
evaluate the remaining triple integrals by Monte-Carlo methods. We estimate the errors at ∼ 0.1% using
the ratio of the standard deviation to the mean of the energy σq2/q¯2 over the simulation run-time. Energy
fluctuations occur as a result of the Monte-Carlo methods used, and linear interpolation between lattice
points in evaluating integrals involving n(θ). Uncertainty in the fitting parameters is found to be of
this order of magnitude, except for the entropy decay rate which is very sensitive to energy fluctuations
(cf. Eq. (28)), and therefore the uncertainty is an order of magnitude larger.
3 Thermodynamic Spectral Expansion
We now provide more details on the spectral expansion leading to the scattering-like Eqs (2) and (4)
in the main text. The right-hand side of equation (5) is a two-point function, allowing the spectral
decomposition
∂λ2t 〈qi(0, t)〉 =
∫ t
−t
ds
∑
Ω
〈ρp|[V 0(s), Qi]|Ω〉 〈Ω|v(0, 0)|ρp〉 , (12)
where Ω labels a complete set of states. The state |ρp〉 can be given explicitly in free models [1, 2, 3],
and using the equivalence of the microcanonical and canonical ensembles it can be interpreted in more
general integrable systems as a representative Bethe state |ρp〉 for the GGE Z−1 Tr(ρO) = 〈ρp|O|ρp〉.
The quasiparticle density function ρp(θ) is fixed by the thermodynamic Bethe ansatz (TBA) [4, 5, 6]. In
particular, it is related to the state density ρs(θ) by the integral equation
2piρs(θ) = ∂θp(θ) +
∫
dγ ∂θφ(θ − γ)ρp(γ), (13)
4
where φ(γ) = −i logS(γ) is the scattering phase, and S(θ1 − θ2) is the two-body scattering matrix
element. Particle and hole excitations on top of the state ρ are denoted |ρp;p,h〉, where p (resp. h) are
sets of particle (resp. hole) rapidities, and the associated form factors in interacting integrable models
have been studied [7, 8, 9]. These states diagonalize the operators Q = (P,H, {Qi≥3}) with one-particle
eigenvalues η = (κ(θ), ε(θ), {ηi≥3(θ)}). There is a convenient expression for these eigenvalues in terms of
the backflow function F (γ|θ) defined by
2piF (γ|θ) = φ(γ − θ) +
∫
dγ′ ∂γφ(γ − γ′)ρp(γ
′)
ρs(γ′)
F (γ′|θ), (14)
The eigenvalues of a single excitation are related to the free particle eigenvalues h = (p(θ), E(θ), {hi≥3(θ)})
by the relation (see e.g. [10])
η(θ) = h(θ)−
∫
dγ F (γ|θ)ρp(γ)
ρs(γ)
∂γh(γ). (15)
In addition, the eigenvalues of a state with many particle excitations p and hole excitations h are additive
η(p,h) = η(p)− η(h) =
∑
θ∈p
η(θ)−
∑
θ∈h
η(θ). (16)
The spectral expansion of (12) can now be written explicitly in terms of particle and hole excitations
∂λ2t 〈qi(0, t)〉 = 2
∫
dp˜dh˜ ηi(p,h)δ(κ(p,h))
sin (ε(p,h)t)
ε(p,h)
| 〈ρp|v|ρp;p,h〉 |2, (17)
with the integration measure given by
dp˜dh˜ =
∞∑
N=0
1
N !
N∑
Np=0
Np∏
i=1
ρh(pi)dpi
N−Np∏
j=1
ρp(hj)dhj
 , (18)
where we have split the sum over all N particles involved into the number of particles Np and the number
of holes Nh = N −Np. In addition we have defined the hole density ρh = ρs − ρp.
In the Boltzmann regime, obtained by taking the limit t→∞, the GGE is re-established at all times.
We may use 2 sin(εt)/ε → 2piδ(ε), as well as the relation 〈qi〉 =
∫
dθ ρp(θ)hi(θ) to take the functional
derivative of equation (17) and find the kinetic equation for the distribution function, as given by Eq. (4)
in the main text, with the measure
dpdh =
∞∑
N=0
1
N !
N∑
Np=0
Np∏
i=1
dpi
N−Np∏
j=1
dhj . (19)
Finally, we can also expand the matrix B in Eq. (10) of the main text in form factors, giving
Bij =
∫
dp˜dh˜ ηi(p,h)ηj(p,h)δ(κ(p,h))δ(ε(p,h))| 〈ρp|v|ρp;p,h〉 |2, (20)
which can be used to determine the exponential decay of correlations in the final state by Eq. (12) of the
main text.
5
4 An H-Theorem
We now show that the general formalism, independent of any spectral expansion, predicts entropy maxi-
mization with respect to the conserved quantities at long times. For a function which decays sufficiently
rapidly at infinity we have ∫ ∞
−∞
ds f(s) = lim
t→∞
1
2t
∫ t
−t
dsds′ f(s− s′). (21)
Inserting this twice into Eq. (3) in the main text, for the time and space integrals, gives the following
expression
∂t¯ 〈qi〉β(t¯) = limT→∞
1
2T
∫ T
−T
dsds′ lim
L→∞
1
2L
∫ L
−L
dxdx′
×
[
〈v(x, s)Qiv(x′, s′)〉β(t¯) − 〈Qiv(x, s)v(x′, s′)〉β(t¯)
]
. (22)
Here, the time-evolutions are with respect to the unperturbed Hamiltonian H0. We consider fixed T and
L, and denote WT,L = 1√
4TL
∫ T
−T dt
∫ L
−L dx v(x, t). In the GGE state with ρ(t¯) = Z
−1 exp(−∑i βiQi),
we can expand in a complete basis of common eigenstates of the charges to obtain
∂t¯ 〈qi〉β(t¯) = limT,L→∞
∑
m,n
(ρm(t¯)− ρn(t¯)) (Qi,n −Qi,m) |WT,Lmn |2. (23)
The von-Neumann entropy density s = (2L)−1 〈log ρ〉 has the time-derivative
∂t¯s(t¯) =
∑
i
βi(t¯)∂t¯ 〈qi〉β(t¯) . (24)
Using the relation
∑
i βiQi,m = − log ρm − logZ and the symmetry |WT,Lmn | = |WT,Lnm |, we obtain
∂t¯s(t¯) = lim
T,L→∞
∑
m,n
(ρm − ρn)(log ρm − log ρn)|WT,Lmn |2 ≥ 0, (25)
by monotonicity of the log function.
Equation (10) in the main text also follows from the intermediate result (23) if we consider ρ near the
stationary point ρ0 ∝ exp(−βstat(H0 − νstatP )). Stationarity requires that ρ0m = ρ0n for any m,n where
limT,L→∞ |WT,Lmn |2 is non-vanishing. Near the stationary state we therefore have
∂t¯ 〈qi〉β(t¯) = limT,L→∞
∑
m,n
∑
j
βjρ
0
m (Qj,n −Qj,m) (Qi,n −Qi,m) |WT,Lmn |2, (26)
where the linearised density matrix ρ ∝ ρ0
(
1−∑j βjQj) due to commutativity of the charges. One can
show that this equation of motion is equivalent to
∂t¯ 〈qi〉β(t¯) =
∑
j
([v,Qi], [v,Qj ])βj , (27)
with the inner product on the right hand side evaluated in the stationary state. Using the definition of
〈qi〉β(t¯) and the chain rule we find that q˙i = −
∑
j Cij β˙j , with Cij = 〈qiQj〉c the static charge correlation
matrix, reproducing Eq. (10) in the main text. Using (24) we also recover the first equality of Eq. (11)
in the main text
∂t¯s =
∑
i,j≥3
βi([v,Qi], [v,Qj ])βj , (28)
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where we use the fact that [v,Q1] = [v,Q2] = [h0, Qi] = 0 onH
′′. Therefore, ([h0+λv,Qi], [h0+λv,Qj ]) =
λ2([v,Qi], [v,Qj ]). Writing the operator log ρ = −
∑
i βiQi− logZ, we thus have that the time derivative
of the entropy has the suggestive expression, in the Boltzmann regime,
∂ts = ([h, log ρ], [h, log ρ]) = ||[h, log ρ]||2, (29)
where h = h0 + λv is the perturbed Hamiltonian density, in agreement with Eq. (11) in the main text.
5 The Thermal State from TBA is Stationary
In the preceding section we showed that the long-time stationary state in the Boltzmann regime maximises
entropy with respect to the conserved quantities of the perturbed system. We now wish to show directly
from the kinetic equation (Eq. (4) in the main text),
∂t¯ρp(θ) =
∫
dpdhK(θ,p)B(p→ h)[ρh(p)ρp(h)− ρp(p)ρh(h)], (30)
that the stationary state is precisely the thermal state from TBA. Consider the last term in the square
brackets, where we write ρp = ρsn and ρh = ρs(1− n); a similar argument holds for statistics which are
not fermionic. A sufficient condition for stationarity is that∏
p∈p
n(p)
∏
h∈h
(1− n(h))−
∏
h∈h
n(h)
∏
p∈p
(1− n(p)) = 0 , ∀p,h. (31)
Taking the logarithm, we can ensure this condition is satisfied for all sets p and h if
log
(
n(θ)
1− n(θ)
)
= βε(θ) + νκ(θ), (32)
as here the energy and momentum delta functions contained in B(p→ h) (see Eq. (5) in the main text)
ensure the condition (31) is satisfied. We thus find
n(θ) =
1
1 + e˜(θ)
, ˜(θ) = βε(θ) + νκ(θ). (33)
The TBA boosted thermal state is n(θ) = (1 + e(θ))−1, with (θ) satisfying the integral equation
(θ) = β(E(θ) + νp(θ))−
∫
dγ
2pi
∂θφ(θ − γ) log
(
1 + e−(γ)
)
. (34)
Differentiating this equation and integrating by parts we find the following relation:
∂θ(θ) =β∂θ(E(θ) + νp(θ)) +
∫
dγ
2pi
∂θφ(θ − γ)n(γ)∂γ(γ). (35)
where w(θ) = βE(θ) + νp(θ). This is equivalent to relation (15) for ˜ [10], and thus (θ) = ˜(θ) up to a
constant. Assuming that this constant vanishes, we have the desired result.
6 Nearly-Integrable Perturbations
As discussed in the main text, if we take a current operator v(x) = jk(x) as the perturbation, then it is
nearly integrable in the sense that
lim
t→∞ ∂t 〈qi(0, t)〉 = 0 ∀ i. (36)
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To prove this we first use the definition of the projection onto conserved quantities to write∫
dxP[v0(x, t), Qi] =
∫
dx
∑
j,l
〈
[v0(x, t), Qi]qj
〉c
C−1jl Ql
=
∫
dx
∑
j,l
〈
v0(x, t)[Qi, qj ]
〉c
C−1jl Ql
=
∑
j,l
〈
v0(0, t)[Qi, Qj ]
〉c
C−1jl Ql = 0, (37)
where Cjl = 〈qjQl〉c is the static charge correlation matrix. This immediately shows the equality be-
tween Eqs (3) and (8) in the main text. Using the fact that the GGE state should satisfy the cluster
decomposition principle at large distances, and using the continuity equation, we also have
V 0(t) = −
∫
dxx∂xj
0
k(x, t) =
∫
dxx∂tq
0
k(x, t) =: ∂tE
0
k(t). (38)
By the results of Ref. [11] we have that [E0k(t), Qi] =
∫
dxO0k,i(x, t) for some local operator Ok,i. Hence
([v,Qi],O) = lim
T→∞
∫ T
−T
dt
∫
dx
〈
[j0k(x, t), Qi]O(0)
〉c
= lim
T→∞
∫ T
−T
dt
〈
[V 0(t), Qi]O(0)
〉c
= lim
T→∞
〈
[E0k(T )− E0k(−T ), Qi]O(0)
〉c
= lim
T→∞
∫
dx
〈(
O0k,i(x, T )−O0k,i(x,−T )
)
O(0)
〉c
= 0, (39)
for every local operator O. In the last step we used the hydrodynamic projection principle [12], which
implies that the large positive and negative time limits are equal. Setting O = jk we obtain ∂t¯ 〈qi〉 = 0
∀ i.
As discussed in the main text, there exists an orthogonal decomposition
H′′ = HN ⊕HB, (40)
into a nearly-integrable component HN and a thermalizing component HB. This is obtained as follows.
The subspace HN ⊂ H′′ is defined by the relation written in the main text:
b ∈ HN iff ([b,Qi], a) = 0 ∀ a ∈ H′′, ∀i. (41)
By invariance of the state with respect to the action of Qi (that is, the fact that the density matrix
commutes with Qi), this implies
b ∈ HN iff (b, [Qi, a]) = 0 ∀ a ∈ H′′, ∀i. (42)
We define HB = {[Qi, a] : a ∈ H′′, i} as the union of the images of all actions [Qi, ·] of the Qi’s on
H′′. We can then see that HB is indeed orthogonal to HN. To make this argument mathematically
rigorous requires consideration of the completions of these spaces. This can be done by considering the
one-parameter unitary groups generated by the actions of the Qi’s. Note finally that the subspace HN is
referred to as the “diffusive subspace”, and denoted Hdif , in [12].
In summary, the operators that are responsible for the diffusive effects of integrable models are also
those that, seen as perturbations, do not lead to thermalization at weak coupling. The rest, corresponding
to the orthogonal complement, are perturbations leading to thermalization. This is the Hilbert space
expression of the separation between diffusive and thermalizing processes.
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